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Abstract 



We consider a compact, oriented, smooth Riemannian manifold M (with or without boundary) and we 
suppose G is a torus acting by isometries on M. Given X in the Lie algebra and corresponding vector field 
Xm on M, one defines Witten's inhomogeneous coboundary operator dx M = d + ix M : £2g — > Qq (even/odd 
invariant forms on M) and its adjoint 8x M - Witten [18] showed that the resulting cohomology classes 
have X^-harmonic representatives (forms in the null space of Ax M = (dx M + 8x M ) 2 ), and the cohomology 
groups are isomorphic to the ordinary de Rham cohomology groups of the set N(Xm) of zeros of Xm- Our 
principal purpose is to extend these results to manifolds with boundary. In particular, we define relative 
(to the boundary) and absolute versions of the XM-cohomology and show the classes have representative 
X^-harmonic fields with appropriate boundary conditions. To do this we present the relevant version of 
the Hodge-Morrey-Friedrichs decomposition theorem for invariant forms in terms of the operators dx M and 
8x M ■ We also elucidate the connection between the XM-cohomology groups and the relative and absolute 
equivariant cohomology, following work of Atiyah and Bott. This connection is then exploited to show 
that every harmonic field with appropriate boundary conditions on N(Xm) has a unique X^-harmonic field 
on M, with corresponding boundary conditions. Finally, we define the XM-Poincare duality angles between 
the interior subspaces of ^M-harmonic fields on M with appropriate boundary conditions, following recent 
work of DeTurck and Gluck. 
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1. Introduction 

Throughout we assume M to be a compact oriented smooth Riemannian manifold of dimension n, with 
or without boundary. For each k we denote by Q. k = Q. k {M) the space of smooth differential fe-forms on 
M. The de Rham cohomology of M is defined to be H k {M) = kerd,t/imd^_i, where dj. is the restriction 
of the exterior differential d to Q , In other words it is the cohomology of the de Rham complex (i2*,d). 
If M has a boundary, then the relative de Rham cohomology H k (M, dM) is defined to be the cohomology 
of the subcomplex (i2£,,d) where £l k D is the space of Dirichlet fc-forms — those satisfying i*(0 — where 
/ : dM <— >• M is the inclusion of the boundary. 

Classical Hodge theory. Based on the Riemannian structure, there is a natural inner product on each £l k 
defined by 




(1.1) 



where * : Q. k — > Q.' 



is the Hodge star operator flS. One defines 8 : Cl k -> Cl k 1 by 

8co = {-l)" ik+ ^ +l {*d*)co. 



(1.2) 
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If M is boundaryless, this is seen to be the formal adjoint of d relative to the inner product ( 11.11 ): (da, j3) = 
(a, 5/3). The Hodge Laplacian is defined by A = (d + 8) 2 = dS + Sd, and a form co is said to be harmonic 
if Ao) = 0. 

In the 1930s, Hodge ifToh proved the fundamental result that (for M without boundary) each cohomology 
class contains a unique harmonic form. A more precise statement is that, for each k, 

Q. k (M)='H k ®dQ. k - 1 ®8Q. k+1 . (1.3) 

The direct sums are orthogonal with respect to the inner product ( 11.11 ). and the direct sum of the first two 
subspaces is equal to the subspace of all closed &-forms (that is, kerd^). It follows that the Hodge star 
operator realizes Poincare duality at the level of harmonic forms. 

Furthermore, any harmonic form CO G kerA is both closed (do = 0) and co-closed (8(0 = 0), as 

= (Act), co) = (dSco, co) + (Sdco, co) = {Sco, Sco) + (dco, dco) = \\8co\\ 2 + \\dco\\ 2 . (1.4) 

For manifolds with boundary this is no longer true, and in general we write 

H k = U k (M) = kerd nker<5. 

Thus for manifolds without boundary T~L(M) — kerA, the space of harmonic forms. 

Remark 1.1 An interesting observation which follows from the theorem of Hodge is the following. If a 
group G acts on M then there is an induced action on each H k (M), and if this action is trivial (for example, 
if G is a connected Lie group) and the action is by isometries, then each harmonic form is invariant under 
this action. 

Witten 's deformation of Hodge theory. Now suppose K is a Killing vector field on M (meaning that the Lie 
derivative of the metric vanishes). Witten ll 811 defines, for each s G R, an operator on differential forms by 

d, v := d + si K , 

where Ik is interior multiplication of a form with K. This operator is no longer homogeneous in the degree 
of the form: if ft) G Q. k (M) then d s co G Q. k+l ®Cl k ~ l . Note then that d s : il ± ->■ Q.^, where H ± is the space 
of forms of even (+) or odd (— ) degree. Let us write 8 S = d* for the formal adjoint of d s (so given by 
8 S = 8 +s(— l)"( k+l ' +l (*lK*) on each homogeneous form of degree k). By Cartan's formula, d 2 = sCk 
(the Lie derivative along sK). On the space Q.f = £2* nker£jf of invariant forms, d^ = so one can define 
two cohomology groups Hf 1 := kerd^/imd^. Witten then defines 

A,. := (d,. + 8 S ) 2 : Q.f(M) -> 0.f(M), 

(which he denotes H s as it represents a Hamiltonian operator, but for us this would cause confusion), and 
he observes that using standard Hodge theory arguments, there is an isomorphism 

H J ± :-(kerA. s ) ± =H i ± (M), (1.5) 

although no details of the proof are given (the interested reader can find details in Witten also shows, 
among other things, that for s ^ 0, the dimensions of T-Lf are respectively equal to the total even and odd 
Betti numbers of the subset of zeros of K, which in particular implies the finiteness of dim%. s . Atiyah 
and Bott ||2|] relate this result of Witten's to their localization theorem in equivariant cohomology. 

It is well-known that the group of isometries of a Riemannian manifold (with or without boundary) is 
compact, so that a Killing vector field generates an action of a torus. In this light, and because of Remark JTTl 
(and its extension to Witten's setting), Witten's analysis can be cast in the following slightly more general 
context. 

Throughout, we let G be a torus acting by isometries on M, with Lie algebra g, and denote by Q.q = 
D.g{M) the space of smooth G-invariant forms on M. Given any X eg we denote the corresponding 
vector field on M by Xm, and following Witten we define dx M = d + ix M ■ Then dx M defines an operator 
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dx M '■ £2^ — > Qq, with d\ M = 0. For each X E g there are therefore two corresponding cohomology groups 
H% M {M) = ker d^ M / im d^ M , which we call XM-cohomology groups, and a corresponding operator we call 
the Witten-Hodge-Laplacian 

A XM = (dx M + 5x M ) 2 :n±^n± 

According to Witten there is an isomorphism — ^Xu(^)> where * s tne s P ace °f ^M-harmonic 
forms, that is those forms annihilated by Ax M . Of course, Witten's presentation is no less general than this, 
and is obtained by putting Xm = sK; the only difference is we are thinking of X as a variable element of g, 
while for Witten varying s only gives a 1-dimensional subspace of q (although one may change K as well). 

The immediate purpose of this paper is to extend Witten's results to manifolds with boundary. In 
order to do this, in Section [2] we outline the background to Witten's results using classical Hodge theory 
arguments, which in Section [3] we extend to deal with the case of manifolds with boundary. In section |U 
we describe Atiyah and Bott's localization and its conclusions in the case of manifolds with boundary, and 
its relation to XM-cohomology. Finally in Section |3J we extend our results to adapt ideas of DeTurck and 
Gluck [6] and the Poincare duality angles. Section|6]provides a few conclusions. 

The original motivation for this paper was to adapt to the equivariant setting some recent work of 
Belishev and Sharafutdinov where they address the classical question, "To what extent are the topology 
and geometry of a manifold determined by the Dirichlet-to -Neumann (DN) map"? which arises in the 
scope of inverse problems and reconstructing a manifold from boundary measurements. They show that 
the DN map on the boundary of a Riemannian manifold determines the Betti numbers of the manifold. 
This paper provides the background necessary for the "equivariant" analogue [4] of the results of Belishev 
and Sharafudtinov. 



Hodge theory for manifolds with boundary. In the remainder of this introduction we recall the stan- 
dard extension of Hodge theory to manifolds with boundary, leading to the Hodge-Morrey-Friedrichs 
decompositions; details can be found in the book of Schwarz lfl5ll . The relative de Rham cohomology 
and the Dirichlet forms are defined at the beginning of the introduction. One also defines Q. k N (M) = 
{aeQ. k {M) | ?*(*«) =0} (N eumann boundary condition). Clearly, the Hodge star provides an isomor- 
phism * : Q k D — ► . Furthermore, because d and i* commute, it follows that d preserves Dirichlet 
boundary conditions while 8 preserves Neumann boundary conditions. 

As alluded to before, because of boundary terms, the null space of A no longer coincides with the closed 
and co-closed forms. Elements of kerA are called harmonic forms, while co satisfying do = 8(0 = are 
called harmonic fields (following Kodaira); it is clear that every harmonic field is a harmonic form, but 
the converse is false. In fact, the space H k (M) of harmonic fields is infinite dimensional and so is much 
too big to represent the cohomology, and to recover the Hodge isomorphism one has to impose boundary 
conditions. One restricts H k (M) into each of two finite dimensional subspaces, namely rL k D (M) and r H^{M) 
with the obvious meanings (Dirichlet and Neumann harmonic Ar-fields, respectively). There are therefore 
two different candidates for harmonic representatives when the boundary is present. 

The Hodge-Morrey decomposition [13] states that 

a k {M) = H k (M) © d£l k D l © 8Q. k + l . 

(We make a more precise functional analytic statement below.) This decomposition is again orthogonal 
with respect to the inner product given above. Friedrichs iH subsequently showed that 

njk njk ^ njk . njk njk ^ njk 

rt — il£)\v n. co , TL — /l^y tp '*-ex 

where H k x are the exact harmonic fields and H k the coexact ones (that is, H k x =H k D dil*- 1 and H k = 
'H k l~l 8Q. k+l ). These give the orthogonal Hodge-Morrey-Friedrichs B15I1 decompositions, 



Q. k {M) = d£l k D l © 8Cl k + l ®U k D ® H k co 
= dQ. k D 1 ®8Q. k N +l (BH k N (BH k x . 

The two decompositions are related by the Hodge star operator. The consequence for cohomology is 
that each class in H k (M) is represented by a unique harmonic field in 'H k N {M), and each relative class in 
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H k (M,dM) is represented by a unique harmonic field in T{ k D (M). Again, the Hodge star operator acts as 
Poincare duality (or rather Poincare-Lefschetz duality) on the harmonic fields, sending Dirichlet fields to 
Neumann fields. And as in remark fTTl if a group acts by isometries on (M, dM) in a manner that is trivial 
on the cohomology, then the harmonic fields are invariant. 

In this paper, we suppose G is a compact connected Abelian Lie group (a torus) acting by isometries 
on M, with Lie algebra g, and we let X E g. If M has a boundary then the G-action necessarily restricts to 
an action on the boundary and Xm must therefore be tangent to the boundary. We denote by £2 G = Q.g(M) 
the set of invariant forms on M: co € £2g if g* CO — CO for all g S G; in particular if CO is invariant then the 
Lie derivative Cx M CO = 0. Note that because the action preserves the metric and the orientation it follows 
that, for each g E G, *(g*co) = g*(*co), so if co E H G then *co e H G . 

Remark on typesetting: Since the letter H plays three roles in this paper, we use three different type- 
faces: a script H for harmonic fields, a sans-serif H for Sobolev spaces and a normal (italic) H for coho- 
mology. We hope that will prevent any confusion. 

2. Witten-Hodge theory for manifolds without boundary 

In this section we summarize the functional analysis behind Witten's results [ 18], details can be found 
in the first author's thesis y|]. These are needed in the next section for manifolds with boundary. We 
continue to use the notation from the introduction, notably the manifold M (which in this section has no 
boundary) and the torus G. 

Fix an element X Eg. The associated vector field on M is Xm, and using this one defines Witten's inho- 
mogeneous operator dx M : £2^ — > £2^:, dx M CO = dco + lx M CO, and the corresponding operator (cf. eq. ( 11.2b ) 



(which is the operator adjoint to dx M by eq. (12.2b below). The resulting Witten-Hodge-Laplacian is Ax M : 
-^£2^ defined by A Xm = (d Xu + 8 X „) 2 = dx M §x M + §x M dx M - We write the space of X M -harmonic fields 



which for manifolds without boundary satisfies H.x M = ker Ax M ■ The last equality follows for the same 
reason as for ordinary Hodge theory, namely the argument in ( 11.41 ). with A replaced by Ax M etc. 

As is conventional, define f M CO = if CO £ Q (M) with k ^ n. So, for any form CO E £2(M) one has 
J M ix M CO = as ix M co has no term of degree n, and the following equation ( 12.11 ) follows from the ordinary 
Stokes' theorem. For future use, we allow M to have a boundary. 



For each space £2 of smooth differential forms on M, and each s E M, we write H s £2 for the completion 
of £2 under an appropriate Sobolev norm. It is not hard to prove a Green's formula in terms of dx M and 5x M 
which states that for a,j3 E H^g, 



8x M = (-l)" ik+l)+l *d 



lx M * = () + (-l)"(* +1 > 



Ux u = kerdx M nker<5x M , 




(2.1) 




(2.2) 



Returning now to the case of a manifold without boundary, we obtain the following. 



Theorem 2.1 



1 . The Witten-Hodge-Laplacian Ax M is a self-adjoint elliptic operator. 



2. The following is an orthogonal decomposition 



The orthogonality is with respect to the L inner product. 
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Part (2) is the analogue of the Hodge decomposition theorem, and is a standard consequence of the fact 
that Ax M is self-adjoint. The first two summands give the Xw-closed forms. 

Every elliptic operator on a compact manifold is a Fredholm operator, so has finite dimensional kernel 
and cokernel, and closed range. Therefore the set of Xm -harmonic (even/odd) forms T-Lx M — (kerAx M ) ± is 
finite dimensional. One concludes with the analogue of Hodge's theorem 

Proposition 2.2 H x z u (M) = T-ii, and in particular every XM-cohomology class has a unique XM-harmonic 
representative. 

The Hodge star operator gives a form of Poincare duality in terms of XM-cohomology: 

h%-Hm)=h± m {m). 

Since Hodge star takes harmonic forms to harmonic forms, this Poincare duality is realized at the level of 
harmonic forms. The full details are given in yfl. Here and elsewhere we write n — ± for the parity (modulo 
2) resulting from subtracting an even/odd number from n. 

Let N(Xm) be the set of zeros of Xm, and j : N(Xm) M the inclusion. As observed by Witten, on 
N{Xm) one has Xm = 0, so that j*dx M (0 = d(j*(o), and in particular if co is Xw-closed then its pullback 
to N(Xm) is closed in the usual (de Rham) sense. And exact forms pull back to exact forms. Conse- 
quently, pullback defines a natural map H^ m (M) —> H ± (N(Xm)), where H ± (N(Xm)) is the direct sum of 
the even/odd de Rham cohomology groups of N(Xm). 

Theorem 2.3 (Witten [18]) The pullback to N(Xm) induces an isomorphism between the XM-cohomology 
groups H x (M) and the cohomology groups H ± (N(Xm)). 

Witten gives a fairly explicit proof of this theorem by extending closed forms on N(Xm) to XM-closed 
forms on M. Atiyah and Bott [2] give a proof using their localization theorem in equivariant cohomology 
which we discuss, and adapt to the case of manifolds with boundary, in Section[4] 

Remark 2.4 Extending remark 11.11 suppose X generates the torus G(X), and G is a larger torus containing 
G(X) and acting on M by isometries. Then the action of G preserves Xm- It follows that G acts trivially 
on the de Rham cohomology of N(Xm), and hence on the XM-cohomology of M, and consequently on the 
space of XM-harmonic forms. In other words, V-x M C Hg. There is therefore no loss in considering just 
forms invariant under the action of the larger torus in that the Xw-cohomology, or the space of XM-harmonic 
forms, is independent of the choice of torus, provided it contains G(X). 



3. Witten-Hodge theory for manifolds with boundary 

In this section we extend the results and methods of Hodge theory for manifolds with boundary to study 
the XM-cohomology and the space of XM-harmonic forms and fields for manifolds with boundary. As for 
ordinary (singular) cohomology, there are both absolute and relative XM-cohomology groups. From now 
on our manifold will be with boundary and as before i : dM ^> M denotes the inclusion of the boundary, 
and G is a torus acting by isometries on M. 



3.1. The difficulties if the boundary is present 

Firstly, dx M and 8x M are no longer adjoint because the boundary terms arise when we integrate by parts, 
and then Ax M will not be self-adjoint. In addition, the space of all harmonic fields is infinite dimensional 
and there is no reason to expect the XM-harmonic fields Hx M (M) to be any different. To overcome these 
problems, at the beginning we follow the method which is used to solve this problem in the classical case, 
i.e. with d and 8, by imposing certain boundary conditions on our invariant forms £Ig(M), as described in 
1 1511 . Hence we make the following definitions. 
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Definition 3.1 (1) We define the following two sets of smooth invariant forms on the manifold M with 
boundary and with action of the torus G 

^g,d = £2 G n£2 D = {coeQ. G \i*co = 0} (3.1) 

a GM = Q G n£ijv ={a>eQ. G \ 2*(*<o) = o} (3.2) 

and the spaces H S D. G D and H 4 £2 G jv are the corresponding closures with respect to suitable Sobolev norms, 
for s > \. This can be refined to take into account the parity of the forms, so defining £Iq D etc. Since 

co G £l k implies *co G £l"~ k we write that for co G £2^ we have *co G ^ G _± - 
(2) We define two subspaces of X^-harmonic fields, 

Ux m ,d(M) = {(oeH 1 n aD \d XM (Q = 1 8x M (0 = 0} (3.3) 
H Xm ,n{M) = {coeH 1 a G . N \d XM co^Q,5x M co^Q} (3.4) 

which we call Dirichlet and Neumann .^-harmonic fields, respectively. We will show below that these 
forms are smooth. Clearly, the Hodge star operator * defines an isomorphism Hx m ,d(M) = Hx m ,n(M). 
Again, these can be refined to take the parity into account, defining T~Lx M d^M) etc. 

As for ordinary Hodge theory, on a manifold with boundary one has to distinguish between Xm- 
harmonic forms (i.e. kerAx M ) and XM-harmonic^eZiis (i.e. Hx M (M)) because they are not equal: one has 
Hx M (M) C ker Ax M but not conversely. The following proposition shows the conditions on CO to be fulfilled 
in order to ensure CO G ker A Xm => CO e Hx M (M) when dM ^ 0. 

Proposition 3.2 If CO 6 £2 G (M) is an XM-hannonic form (i.e. Ax M CO = 0) and in addition any one of the 
following four pairs of boundary conditions is satisfied then CO G T~Lx M (M). 

(1) f£» = 0, i* (*£») =0; (2) i*co = 0, i*(8x M co)=0; 

(3) f(*fi>) = 0, r(*dx M ©) = 0; (4) i*{8x M co) = 0,i*{*d XM co) = 0. 

Proof: Because Ax M CO = 0, one has (Ax M CO, co) = 0. Now applying Green's formula (12.2b to this and 
using any of these conditions (l)-(4) ensures CO is an XM-harmonic field. □ 

Remark 3.3 An averaging argument shows that H^co and H^cat are dense in L 2 Q. G , because the 
corresponding statements hold for the spaces of all (not only invariant) forms. 



3.2. Elliptic boundary value problem 

The essential ingredients that Schwarz [15] needs to prove the classical Hodge-Morry-Friedrichs de- 
composition are Gaffney's inequality and his Theorem 2. 1 .5. However, these results do not appear to extend 
to the context of dx M and 5x M . Therefore, we use a different approach to overcome this problem, based on 
the ellipticity of a certain boundary value problem (BVP), namely ( 13.51 l below. This theorem represents the 
keystone to extending the Hodge-Morrey and Friedrichs decomposition theorems to the present setting and 
thence to extending Witten's results to manifolds with boundary. 

Consider the BVP 

Ax M co = 7] on M 

i*co = on dM (3.5) 



i*(8x M co) = on dM. 



Theorem 3.4 



1. The BVP ( 15.51 ) is elliptic in the sense of Lopatinskii-Sapiro, where Ax M ■ Q. G (M) — > £l G (M). 

2. The BVP ( U.5D is Fredholm of index 0. 

3. All CO G Hx m ,d { J'Hxm.n are smooth. 
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Proof: (1) We can see that A and Ax M have the same principal symbol as Ax M — A is a first order 
differential operator; indeed, 

Ax M = A + (- 1 (d * i Xm * + * i Xm * d + m Xm * ix M + ix M * lx M *) + ix M 5 + 8i Xm . 

Similarly, expanding the second boundary condition gives 

8x M = 8 + (-iy^ +1 *ix M * 

so 8x M and 8 have the same first-order part. Hence our BVP ( 13.5b has the same principal symbol as the BVP 

= 4 on M 

= on dM (3.6) 
= on dM 

for e, 4 G £2(M), because the principal symbol does not change when terms of lower order are added to the 
operator. However the BVP (13.6b is elliptic in the sense of Lopatinskii-Sapiro conditions II 1 lL 1 1 511 . and thus 
so is A3 .51 . 

(2) From part (1), since the BVP ( 13.51 ) is elliptic, it follows that the BVP ( 13.5b is a Fredholm operator and the 
regularity theorem holds, see for example Theorem 1.6.2 in lfl5ll or Theorem 20.1.2 in fTHl . In addition, we 
observe that the only differences between BVP ( 13.61 ) and our BVP ( 13.5b are all lower order operators and it 
is proved in 11511 that the index of BVP ( 13.6b is zero but Theorem 20. 1 .8 in asserts generally that if the 
difference between two BVPs are just lower order operators then they must have the same index. Hence, 
the index of the BVP (13.5b must be zero. 

(3) Let co G Hx m ,d U Ux m ,n- If to g Hx m ,d then it satisfies the bvp (13.5b with tj = 0, so by the regularity 
properties of elliptic BVPs, the smoothness of CO follows. If on the other hand co G "Hx m .n then *co G T~Lx m ,d 
which is therefore smooth and consequently CO = ±* (*©) is smooth as well. □ 

We consider the resulting operator obtained by restricting Ax M to the subspace of smooth invariant 
forms satisfying the boundary conditions 

U G {M) = {coe Q. G (M) | fco = 0, i*(8x M co) = 0} (3.7) 

Since the trace map i* is well-defined on H s £Ig for s > 1/2 it follows that it makes sense to consider 
H 2 i2(j(M), which is a closed subspace of H 2 Q.q(M) and hence a Hilbert space. For simplicity, we rewrite 
our BVP (13.5b as follows: consider the restriction/extension of Ax M to this space: 

A = A *m yn G{M) : " 2 &g(M) — > L 2 Q.q(M). 

and consider the BVP, 

Aa> = ti (3.8) 

for CO G H 2 £2 G (M) and 77 G L 2 £2 G (M) instead of BVP (13.5b which are in fact compatible. In addition, from 
Theoremsa l3.4l we deduce that A is an elliptic and Fredholm operator and 

index(A) = dim(kerA) - dim(kerA*) = (3.9) 

where A* is the adjoint operator of A. 

From Green's formula (eq. (12.2b ) we deduce the following property. 

Lemma 3.5 A is L 2 -self-adjoint on H 2 £Iq{M), meaning that for all a,fi G H 2 £2 G (M) we have 

(Aa,P) = (a,AP), 

where {—,—) is the L 2 -pairing. 
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Theorem 3.6 The space 1-Lxm,d(M) is finite dimensional and 

L 2 n G {M)=Hx M .D(M)(DHx M .D{M) ± . (3.10) 

PROOF: We begin by showing that kerA = %x m .d{M). It is clear that Hx M p(M) C kerA, so we need 
only prove that kerA C 1-Lx m .d(M). 

Let CO 6 kerA. Then CO satisfies the BVP ( 13.5b . Therefore, by condition (2) of Proposition l3.2l it follows 
that CO G Hx m ,d{M), as required. 

Now, kerA = Hx m .d(M) but dimkerA is finite, so that dimHx M .D(M) < °°. This implies that Hx m .d(M) 
is a closed subspace of the Hilbert space L 2 £2 G (M), hence eq. (13.10b holds. □ 

Theorem 3.7 

Range(A)=^ M . D (M) x (3.11) 
where _!_ denotes the orthogonal complement in L 2 Q.q(M). 

Proof: Firstly, we should observe that eq. ( 13.9b asserts that kerA = kerA* but Theorem l3.6l shows that 
kerA = %x m ,d(M), thus 

kerA* = T-Lx m ,d{M) (3.12) 

Since Range(A) is closed in L 2 Q.q (M) because A is Fredholm operator, it follows from the closed range 
theorem in Hilbert spaces that 

Range(A) = (kerA*) 1 - = Range (A) x = kerA* (3.13) 

Hence, we just need to prove that kerA* = T-Lx m ,d{M), and to show that we need first to prove 

Range(A)C^ XM:D (M) ± . (3.14) 

So, if a G H 2 i2 G (M) and j3 G Hx m ,d(M) then applying Lemma[331 gives 

(Aa, J3) = 

hence, eq. ( 13.141 ) holds. Moreover, equations ( 13.131 ) and ( 13.141 ) and the closedness of Hx m ,d(M) imply 

T~Lx m .d{M) C kerA* (3.15) 
but eq. d3T2i > and eq. dXBI l force kerA* = Ux M .p(M). Hence, Range(A) = Hx M , D (M) x . □ 

Following B15I1 . we denote the L 2 -orthogonal complement of 1-Lx m ,d{M) in the space H 2 i2g u by 

Ux m .d{M)® = H 2 Cl G , D nHx M , D {M) ± (3.16) 



(although in 11511 it denotes H -forms rather than H ). 

Proposition 3.8 For each rj 6 'Hxm,d(M)~ l there is a unique differential form CO S 'Hx m ,d(^)® satisfying 
the BVP (15.51). 



PROOF: Let 77 e Hx m .d{M) l . Because of Theorem (13.7b there is a differential form 7 G H 2 ?2 G (M) such 
that 7 satisfies the BVP ( 13.5b . Since 7 e H 2 i2 G (M) C L 2 D. G (M) then there are unique differential forms 
a € %x m ,d{M) and a> G %x„,d{M) x such that 7 = a + 0) because of eq. ( 13.10b . 

Since 7 satisfies the BVP ( 13.5b it follows that CO satisfies the BVP (13.51 ) as well because a G W.x m ,d(M) = 
ker(Ax M | 27T ,). Since CO = 7- a, it follows that <a G H 2 £2 GD , hence CO G Hx m ,d{M)® and it is unique. 
□ 

Remarks 3.9 (1) CO satisfying the BVP ( 13.5b in Proposition l3.8l can be recast to the condition 

(dx M a>,d XM l;) + (5x M a>,5 XM l;) = (i 1 ,l;), V^H 1 ^ (3.17) 

(2) All the results above can be recovered but in terms of TLx m ,n(M) because the Hodge star operator 
defines an isomorphism L 2 i2 G = L 2 Q.c which restricts to T-Lx m -d{M) = T-Lx m ,n{M). 



3.3. Decomposition theorems 

The results above provide the basic ingredients needed to extend the Hodge-Morrey and Freidrichs 
decompositions arising for Hodge theory on manifolds with boundary, to the present setting with dx M 
and 5x M . Depending on these results, the proofs in this subsection rely heavily on the analogues of the 
corresponding statements for the usual Laplacian A on a manifold with boundary, as described in the book 
of Schwarz 11511 . Therefore, we omit the proofs here while full details are given in the first author's thesis 

a. 

Definition 3.10 Define the following two sets of invariant exact and coexact forms on M, 

£x M (M) = {Ax M a\a&H l Q. GtD }<ZL 2 Q. G {M), 
C Xm (M) = {8 XM p |j3eH 1 £2 G , iV }CL 2 n G (M). 



Clearly, £x M (M) _L C Xm (M) because of eq. E3. We denote by L 2 Hx M (M) = Hx M (M) the L 2 -closure of 
the space Hx M (M). 

Proposition 3.11 (Algebraic decomposition and L 2 -closedness) (a) Each (0 G L 2 Q. G (M) can be 
split uniquely into 

(0 = A Xu a a + 8 Xm Pm + K a 

where dx M a m <E £x M {M) , 5x M P a G C Xm {M) and K a G (£x M (M) © Cx M (M)) 1 -. 

(b) The spaces £x M (M) and Cx M (M) are closed subspaces of L 2 Q.q(M). 

(c) Consequently there is the following orthogonal decomposition 

L 2 a G (M) = £ Xm (M) © C Xu (M) © (£ Xu (M) © C Xm (M)) x 

Now we can present the main theorems for this section; all orthogonality is with respect to the L 2 inner 
product. 

Theorem 3.12 (XM-Hodge-Morrey decomposition theorem) The following is an orthogonal di- 
rect sum decomposition: 

L 2 D. G (M) = £ Xu (M) © C Xm (M) © L 2 H Xm (M) 

Theorem 3.13 (Xm- Fried richs decomposition theorem) The space Hx M (M) C H 1 i2 G (M) ofXM- har- 
monic fields can respectively be decomposed as orthogonal direct sums into 

Hx M {M) = Ux m ,d{M)®Ux m MM) 
Ux M {M) = Ux Mi n(M)®Ux Mi ^{M), 

where the right hand terms are the XM-coexact and exact harmonic forms respectively: 

n XM ,o(M) = {t 1 e-Hx M (M)\r, = dx M a} 
Ux M ^{M) = {t;EHx M (M)\t;=dx M cj} 

For L 2 T-Lx M (M) these decompositions are valid accordingly. 

Combining Theorems 13 . 1 21 and 13 . 1 3 1 gives the following. 

Corollary 3.14 (The XM-Hodge-Morrey-Friedrichs decompositions) The space L 2 Q. G (M) can be 
decomposed into L 2 -orthogonal direct sums as follows: 

L 2 Q. G {M) = £x m {M)®Cx m {M)®Hx m .d(M)®L 2 Hx m ,c {M) 
L 2 a G {M) = £x m {M)®Cx m {M)®H Xm .n(M)(BL 2 Hx m MM) 

Remark 3.15 All the results above can be refined in terms of ±-spaces, for instance, 

^x m .d( m ) = n M %(M), L 2 Q. G {M) = £% M (M) ©C| M (M) ®H^ D {M) ®L 2 H^ C0 {M) 

. . . etc. 



3.4. Relative and absolute XM-cohomology 

Using dx M and 8x M we can form a number of Z2-graded complexes. A Z2-graded complex is a pair of 
Abelian groups C with homomorphisms between them: 

d+ 

C+ I I C 

d_ 

satisfying d + o d_ = = d_ o d + . The two (co)homology groups of such a complex are defined in the 
obvious way: ff ± = kerd±/ imdzp. The complexes we have in mind are, 

(i2±d x J (£2±& M ) 

The two on the lower line are subcomplexes of the corresponding upper ones, because i* commutes with 
dx M - By analogy with the de Rham groups, we denote 

H£ M (M) d x J and H^JM, dM) :=H±{a G>D , d x J. 

The decomposition theorems above lead to the following result. 

Theorem 3.16 (X^-Hodge Isomorphism) Let X Eg. There are the following isomorphisms of vector 
spaces: 

(a) H± M {M, dM) = U$ Mfl {M) S H±(Cl±,8x M ); 

(b) Hi M (M) - H± M>N (M) S H±(£l± N , 8 Xm ); 

(c) (XM-Poincare-Lefschetz duality): The Hodge star operator -k on £Iq(M) induces an isomorphism 

Hi M (M)^H^(M, dM). 



Proof: The proofs use the decomposition theorems above. For the first isomorphism in (a), Theo- 
rem !3.12l (the XM-Hodge-Morrey decomposition theorem) implies a unique splitting of any 7 6 £2p D into, 

y=dx M a Y +Sx M P r +Ky 

where d Xu a r G £$ M (M), 8 Xm P 7 G C% (M) and K 7 G L 2 U% (M). If d Xu 7 = then 8 Xm P 7 = 0, but i*y= 
implies i*{K 7 ) = so that K 7 G H Xm d (M). Thus, 

7 G kerdx M | £2co ^> 7 = d XM a r + fc r . 

This establishes the isomorphism (M, <9M) = D (M). 

For the second isomorphism in (a), the second XM-Hodge-Morrey-Friedrichs decomposition of Corol- 
lary |3T4]implies as well a unique splitting of any 7 G £2g(M) into, 

7 - d Xu ^ y + 8x M r}y + 8 Xm C y + A r 

where d Xu $ r G (M) , Sx M rj r G C| M (M) , S Xm Cr 6 , co W and A r G ,d (M) ■ 

If 5y M 7 = 0, then dx M £, 7 = 0, and hence 



7- 

This establishes the isomorphism 7^ d^M) — ^X M (^g^ x m)- 

Part (b) is proved similarly, and part (c) follows from (a) and (b) and the fact that the Hodge star operator 
defines an isomorphism Hx D {M) = Ti x ^ M il N (M). □ 

The theorem of Hodge is often quoted as saying that every (de Rham) cohomology class on a compact 
Riemannian manifold without boundary contains a unique harmonic form. The corresponding statement 
for XM-cohomology on a manifold with boundary is, 

Corollary 3.17 Each absolute XM-cohomology class contains a unique Neumann XM-harmonic field, and 
each relative XM-cohomology class contains a unique Dirichlet XM-harmonic field. 
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4. Relation with equivariant cohomology 

When the manifold in question has no boundary, Atiyah and Bott |2[] discuss the relationship between 
equivariant cohomology and XM-cohomology by using their localization theorem. In this section we will 
relate our relative and absolute XM-cohomology with the relative and absolute equivariant cohomology 
H G (M, dM) and H G (M); the arguments are no different to the ones in |2|]. First we recall briefly the basic 
definitions of equivariant cohomology, and the relevant localization theorem, and then state the conclusions 
for the relative and absolute XM-cohomology. 

If a torus G acts on a manifold M (with or without boundary), the Cartan model for the equivariant 
cohomology is defined as follows. Let {X\,... ,Xg} be a basis of g and {u\,...,U(} the corresponding 
coordinates. The Cartan complex consists of polynomial maps from g to the space of invariant differential 
forms, so is equal to £l* G (M) ® R where R = M[u\ , . . . , Uf\ , with differential 

l 

deq(<») = dO)+ £ Ujl Xj O). 

7=1 

The equivariant cohomology H G (M) is the cohomology of this complex. The relative equivariant coho- 
mology H G (M, dM) (if M has non-empty boundary) is formed by taking the subcomplex with forms that 
vanish on the boundary i*co = 0, with the same differential. 

The cohomology groups are graded by giving the ui weight 2 and a fe-form weight k, so the differential 
d eq is of degree 1. Furthermore, as the cochain groups are /^-modules, and d eq is a homomorphism of 
/^-modules, it follows that the equivariant cohomology is an /^-module. The localization theorem of Atiyah 
and Bott [2] gives information on the module structure (there it is only stated for absolute cohomology, but 
it is equally true in the relative setting, with the same proof; see also Appendix C of 19D). 

First we define the following subset of g, 

Z:= |J« 

KCG 

where the union is over proper isotropy subgroups K (and i its Lie algebra) of the action on M. If M is 
compact, then Z is a finite union of proper subspaces of g. Let F = Fix(G,M) = {x e M | G -x = x} be the 
set of fixed points in M. It follows from the local structure of group actions that F is a submanifold of M, 
with boundary dF =FH dM. 

Theorem 4.1 (Atiyah-Bott [2, Theorem 3.5]) The inclusion j : F ^ M induces homomorphisms of 
R-modules 

h* g (m)Ah* g (f) 

H* G (M,dM) H G (F, dF) 
whose kernel and cokernel have support in Z. 

In particular, this means that if / 6 /(Z) (the ideal in R of polynomials vanishing on Z) then the local- 
ization^] H G (M) f and H G (F) f are isomorphic R /-modules. Notice that the act of localization destroys the 
integer grading of the cohomology, but since the m, have weight 2, it preserves the parity of the grading, so 
that the separate even and odd parts are maintained: H G {M) j = H G (F) f. The same reasoning applies to 
the cohomology relative to the boundary, so H G (M, dM) f = H G (F, dF) f 



'we use real valued polynomials, though complex valued ones works just as well, and all tensor products are thus over K, unless 
stated otherwise 

2 The localized ring Rf consists of elements of R divided by a power of / and ifK is an /{-module, its localization is Kr := Ki^i^Rf, 
they correspond to restricting to the open set where / is non-zero. See the notes by Libine [12] for a good discussion of localization 
in this context. 
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Since the action on F is trivial, it is immediate from the definition that there is an isomorphism of 
/^-modules, H G (F) = H*(F) (g>R so that the localization theorem shows j* induces an isomorphism of 
R ^-modules, 

H^(M) f ^H ± {F)®R f . (4.1) 

It follows that H G (M)f is a free Rf module whenever / S I(Z). Of course, analogous statements hold 
for the relative versions. Since localization does not alter the rank of a module (it just annihilates torsion 
elements), we have that 

ranktf± (M) = dimZ/^F), mnkH G (M, dM) = dimH^dF). 

For leg, define N(Xm) — {x £ M \ Xm(x) = 0}, the set of zeros of the vector field Xm- Since X 
generates a torus action, N(Xm) is a manifold with boundary 3N(Xm) = N(Xm) (~l dM. Clearly N(Xm) D F, 
and N{X M ) = F if and only if X g Z. 

Theorem 4.2 Let X = Y*j s jXj G 0. If the set of zeros of the corresponding vector field Xm is equal to the 
fixed point set for the G-action (i.e. N(Xm) — F) then 

H±JM, dM)9*H±(M,dM)/m x H±(M,dM), (4.2) 

and 

H± M {M)=H±{M)/ mx H±(M) (4.3) 
where mx = {u\ —si,...,ui—si) is the ideal of polynomials vanishing at X. 

Proof: Our assumption N(Xm) = F is equivalent to X € g \Z. Therefore there is a polynomial / G I(Z) 
such that f{X) ^ 0. In addition, we can use / and replace the ring R by Rf and then localize H G (M) and 
H G (M, dM) to make H G (M) / and H G (M, dM) / which are free R /-modules. 

We now apply the lemma stated below, in which the left-hand side is obtained by putting m, = s; before 
taking cohomology, so results in H^ M (M) (or similar for the relative case), while the right-hand side is the 
right-hand side of ( 14.21 ) and ( 14.31 l. so proving the theorem. □ 

Lemma 4.3 (Atiyah-Bott [2, Lemma 5.6]) Let (C*,d) be a cochain complex of free R-modules and 
assume that, for some polynomial f, H(C* , d) / is a free module over the localized ring R f. Then, if s G R' 
with f{s) ^ 0, 

// ± (Q* , d s ) = (C* , d) mod m, 
where m. s is the ( maximal ) ideal {u\ — s\, . . . ,uj — S[) at X in R[g\. 

Corollary 4.4 LetX € q and jx ■ N(Xm) '—tM, then j* x induces the following isomorphisms 

1- H^ I (M)^H ± (N(X M )), 

2- H± M {M,dM) =H ± {N{X M ),dN{X M )). 

Proof: First suppose X Z. Then the isomorphisms above follow by reducing equation ( 14. Il l modulo 
mx and applying Theorem l4.2l 

If on the other hand, XeZ, then let G' be the corresponding isotropy subgroup, so that N(Xm) = F' := 
Fix(G',M) (it is clear that G' D G(X), the subgroup of G generated by X). The considerations above show 
fhatff! G ,(M,dM) = H ± (F I ,dF') and G ,(M) = H ± (F I ), where QI (M) and G (M,dM) are 
defined using G'-invariant forms, and m G / x is the maximal ideal at X in the ring R[g']. Moreover, all 
classes in G , (M) and G , (M, dM) have representatives which are G-invariant, not only G'-invariant 
(either by an averaging argument, or by using the unique X^f-harmonic representatives). So, this gives 
Hi M G (M) - H± m0 (M) and H^ G (M, dM) = H^ G , (M, dM), VX e g' C g as desired. ' ' □ 
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Remark 4.5 If M is a compact manifold with boundary then H k {M) =H k (M) andH k (M,dM) = H k (M,dM), 
where H k (M) and H k (M,dM) are the absolute and relative singular homology with real coefficients. We 
observe that this fact together with corollary 14.41 give us the following isomorphisms 



H± M {M)=H ± {N{X M )) and H$ M (M, dM) = H ± (N(X M ), dN(X M )), 
where H + (N(X M j) = ®iH 2i (N(X M )) and H-(N(X M ),dN(X M )) = ® t H w (N(X M ),dN(X u )), by using the 



where CO is .^-closed ±-form representing the absolute (or relative) -cohomology class [co]x M on M 
and c is a ±-cycle representing the absolute (or relative) singular homology class {c} on N(Xm). In this 
light, eq. d2.U . corollary 14. 4l and the bijection (14.4b prove the following statement: 

An XM-closedform CO is XM-exact iff all the periods of j* CO over all ±-cycles ofN{XM) vanish. 

5. Interior and boundary subspaces 

In this section we visit some recent work of DeTurck and Gluck [ 6] on harmonic fields and cohomology 
(see also lUa.11711 for details), and adapt it to ^M-harmonic fields. 

5.1. Interior and boundary subspaces after DeTurck and Gluck 

Given the usual manifold M with boundary, there is a long exact sequence in cohomology associated 
to the pair (M, dM) and one can use this to define two subspaces of H k (M) and H k (M 1 dM) as follows: 

• the interior subspace IH k {M) of H k (M) is the kernel of i* : H k (M) — > H k (dM) 

• the boundary subspace BH k (M, dM) of H k (M, dM) is the image of d : H k ~ l (dM) — > H k (M, dM) 

Note that if M has no boundary, then IH k — H k and BH k = 0, as should be expected from their names. 

At the level of cohomology there is no 'natural' definition for the boundary part of the absolute coho- 
mology nor the interior part of the relative cohomology. However, DeTurck and Gluck |Q] use the metric 
and harmonic representatives to provide these. Firstly the subspaces defined above are realized as 



(denoted c£U k N (M) and c£ d H k D {M) in EE [13] ) - The first theorem of DeTurck and Gluck on this subject 



map 




(4.4) 




BH k N = H k N (M)nU k C0 

lH k D = {coe n k D (M) :i**co = dK, for some k g Q."- k - 1 (dM)} 



is 



Theorem 5.1 (DeTurck and Gluck [6]) Both % k D and % k N have orthogonal decompositions, 

H k N (M) = lH k N (BBH k N 
H k D {M) = BH k D @m k D . 



Furthermore, the two boundary subspaces are mutually orthogonal inside Lr€L 



However the interior subspaces are not orthogonal, and they prove 



Theorem 5.2 (DeTurck-Gluck [6]) The principal angles between the interior subspaces and 
I7-L k o are a M acute. 
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Part of the motivation for considering these principal angles, called Poincare duality angles, is that 
they should measure in some sense how far the Riemannian manifold M is from being closed. That these 
angles are non-zero follows from the fact that % k N n % k D = 0, see lfl5ll . Another consequence of this, pointed 
out by DeTurck and Gluck is that the Hodge-Morrey-Freidrichs decomposition can be refined to a 5-term 
decomposition, 

q*(m) = dQ.fr 1 ® 8Q.fr 1 ®(H k D +H k N )®H k eXiC0 , (5.1) 

where H k x co = T-i k x fl H k and the symbol + indicates a direct sum whereas © indicates an orthogonal 
direct sum. 

In his thesis lfl6h . Shonkwiler measures these Poincare duality angles in interesting examples of man- 
ifolds with boundary derived from complex projective spaces and Grassmannians and shows that in these 
examples the angles do indeed tend to zero as the boundary shrinks to zero, see alternatively 11711 . 

5.2. Extension to XM-cohomology 

It seems reasonable to think that we can extend further to the style of DeTurck-Gluck, and break down 
the Neumann and Dirichlet .^-harmonic fields into interior and boundary subspaces. If so, does the natural 
extension of corollary |4.4l hold? The answer is affirmative and contained in the proof of theorem fBTSl 

Answering this question will indeed give more concrete understanding of these isomorphisms and 
consequently will give a precise extension to Witten's results when dM ^ (see Section|6]). 

Refinement of the XM-Hodge-Morrey-Friedrichs decomposition. In we prove that 

H$ MtN (M)nH% mD (M) = {0}, 

which implies that the sum Ti.x M n(M) + d^M) is a direct sum, and by using Green's formula C2t . 
one finds that the orthogonal complement of H^ M N (M) + D (M) inside Ht (M) is Hx ex co (M) = 
Hx exi^CiHx co (M). Therefore, we can refine the XM-Friedrichs decomposition (theorem !3. 1 3t > into 



Consequently, following DeTurck and Gluck's decomposition (15. Il l, we can refine the Xjv/-Hodge-Morrey- 
Friedrichs decompositions (Corollary 13. 14b into the following five terms decomposition: 

"cW = £x M (M)®Ci M (M) © (U%, N (M)+U^ D {M))®U%^ Q0 {M). (5.2) 

Here as usual, © is an orthogonal direct sum, while + is just a direct sum. 

Interior and boundary portions of XM-cohomology. Following the ordinary case described above, we can 
define interior and boundary portions of the XM-cohomology and .^-harmonic fields by 

IH^(M) = ker[f : H^JM) ^ H^(dM)} 
BHi M (M,dM) = im[d XM :H^ M (dM)^Hi M (M,dM)]. 

Here dx M is the standard construction: given a closed form X on dM, let X be an extension to M. Then 
dx M X defines a well-defined element of Hx M (M, dM). These spaces are realized through corollarv l3.17l as 

TH%p = {(0 G Hi M!N (M) I i*co = d XM e, for some 9 e 0*(dM)} 
respectively. Now use the Hodge star operator to define the other spaces: 



IU x m .d = {® e h x m .d( m ) ■i"*03 = d Xu K, for some K e 0"-^(dM)} 



Note that Hodge star maps boundary to boundary and interior to interior; it follows that, for example 
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Theorem 5.3 The boundary subspace B'H Xm n (M) is the largest subspace of T~Lx M N^M) orthogonal to all 
ofHx M d(M) while the boundary subspace B%x M D (M) is the largest subspace of T~ix M d(M) orthogonal 
toall M ofU± MN {M). 

Proof: The orthogonality follows immediately from Green's formula (12.21 ) while the rest of the proof 
follow immediately from the XM-Friedrichs decomposition theorem ( theorem 13. 1 3b (restricted to smooth 
invariant forms). □ 



The main goal of this subsection is to prove the following theorem and to answer the question above. 
Theorem 5.4 Analogous to theorem \5.1\ we have the orthogonal decompositions 

n k XM , D (M) = BH% D ®lH% fi . 

Remark 5.5 The proof by DeTurck and Gluck of the analogous result uses the duality between de Rham 
cohomology and singular homology. However, we do not have such a result on M (though perhaps a proof 
using the equivariant homology described in II14I1 would be possible), so we give a direct proof involving 
only the cohomology — the same argument can be used to prove DeTurck and Gluck's original theorem 
(replacing ± by k everywhere). An alternative argument can be given using the localization to the fixed 
point set (corollary 14.41) — details of which can be found in Q]. 



Proof: The orthogonality of the right hand sides follows from Green's formula (12.21 ). It follows that 

m$ M>N ®BHi M>N cHt M;N (M) and BH^ D (BTH^ C H^M). (5.4) 
Now consider the long exact sequence in XM-cohomology derived from the inclusion i : dM ^ M, 

'-+ H x M ( dM ) ^ < ( M > dM ) < W < ( dM ) ^ H l ^ dM)^- 

It follows from the exactness that 

IH x z M (M)=imp*, and BH^ (M, dM) — ker p * . 
Thus, (Af, dM) = BHx M (M, dM) + IH^ (M), (direct sum) or equivalently 

^■x m ,d — d + 1Ux m N . (5.5) 

It follows from equations ( 15.4b and ( 15.5b that A\m{TH^ D ) < dim(Z'H x z N ). However, the Hodge star 
operator identifies n~Lx M N w ^ tn ZH'x^b which implies that the inequality in dimensions is in fact an 
equality, and the result follows. □ 



Theorem 5.6 Let F' = N(Xm)- We have isomorphisms, 



ZH-wM = ?Hn(.F% BH^ m , d (M) = BHp(F'), 
ZU% mD {M) S TU%{F% BU%, N {M) £ BH±(F>). 



PROOF: We prove the first two; the other two follow by applying the Hodge star operator (on M and 
on F'), Denote by jx the inclusion of the pair, jx ■ (F',dF') °-> (M,dM). Then jx induces a chain map 
between the long exact sequences of Xm cohomology on M and de Rham cohomology on F', which by 
corollary 14. 4l is an isomorphism. 

Since the interior part of the absolute cohomology and the boundary part of the relative cohomology 
are defined from these long exact sequences, it follows that jx induces isomorphisms 

IHxAM^^IH+iF'), and BHx M (M,dM) =BH ± (F',dF'). 
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It then follows from the ^M-Hodge theorem[XT6]that there are isomorphisms T%x M n{M) = IH^{F') and 

^i D w=B^(f). ^ □ 

The analogue of Gluck and DeTurck's theorem for the Poincare duality angles (theorem 15.2b also holds. 
The XM-Poincare duality angles are defined in the obvious way, as the principal angles between 2/%x M o 

Proposition 5.7 The XM-Poincare duality angles are all acute. 

Proof: These angles can be neither nor n/2, firstly because lit atC^O n %x M d( m ) = W (shown in 
J3l), and secondly because of theorem l331 Hence they must all be acute. □ 

The results above and in J3l would allow us to extend most of the results of lfl6ll to the context of 
XM-cohomology and XM-Poincare duality angles but we leave this for future work. 



6. Conclusions 

In previous sections, we began with the action of a torus G; here we state results for a given Killing 
vector field K on a compact Riemannian manifold M (with or without boundary), more in keeping with 
Witten's original work 01811 . Recall that the group Isom(M) of isometries of M is a compact Lie group, and 
the smallest closed subgroup G(K) containing K in its Lie algebra is Abelian, so a torus. Furthermore, the 
submanifold N(K) of zeros of K coincides with Fix(G(K),M). 

The equivariant cohomology constructions of Section|4]give us the proof of the following result, which 
extends the theorem of Witten (our Theorem l2.3t to manifolds with boundary. 

Theorem 6.1 Let K be a Killing vector field on the compact Riemannian manifold M (with or without 
boundary), and let N(K) be the submanifold of zeros ofK. Then pullback to N induces isomorphisms 

H± (M) = // ± (N{K) ) , and (M, dM) = H ± (N(K) , dN(K) ) . 

Proof: Apply Corollary 14. 4l to the equivariant cohomology for the action of the torus G(K). □ 

Furthermore, using the Hodge star operator, the Poincare-Lefschetz duality of Theorem 13.161 c) cor- 
responds under the isomorphisms in the theorem above, to Poincare-Lefschetz duality on the fixed point 
space. 

Translating this theorem into the language of harmonic fields, shows 

U^ N {M)=U±{N{K)) and %% D {M) =U±{N{K)). (6.1) 

where T-L^N^j) and Hp(N(K)) are the ordinary Neumann and Dirichlet harmonic fields on N(K) re- 
spectively. The fact that theorem IBTTl and eq. ( 16.11 ) can be refined to the style of theorem lBTol which gives a 
more precise meaning for these isomorphisms. 

Corollary 6.2 Given any harmonic field on N(K) with either Dirichlet or Neumann boundary conditions, 
there is a unique K-harmonic field on M with the corresponding boundary conditions whose restriction on 
N(K) is cohomologous to the given field. 

Note that if dN(K) — then the boundary condition on N(K) is non-existent, and so every harmonic 
form (= field) on N(K) has corresponding to it both a unique Dirichlet and a unique Neumann Zf-harmonic 
field on M. Moreover, since in this case there is no boundary part of the cohomology of N(K), it follows 
from theorem lBTol that B%x m ,n = BV.x m ,d = 0. 

In other words, it means that all the de Rham cohomology of N(K) must come only from the interior 
portion, i.e. H^ 1 (N(K)) = H ± {N(K) , dN(K)), which shows that every interior de Rham cohomology class 
has corresponding to it both a unique relative and a unique absolute /^-cohomology class on M. 
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As an application, we have the fact that theorem loTTI and corollary 16. 2l can be used to extend the other 
results of Witten in [18] and we hope that this extension will be useful in quantum field theory and other 
mathematical and physical applications when dM ^ 0. 



Euler characteristics. As is well known, given a complex of M[s] (or C[s]) modules whose cohomology 
is finitely generated, the Euler characteristic of the complex is independent of s. This remains true for a 
Z2-graded complex, for the same reasons (briefly, the cohomology is the direct sum of a torsion module 
and a free module, and the torsion cancels in the Euler characteristic). 

Applying this to the complexes for XM-cohomology, with Xm = sK, it follows that %{M) = %{N) and 
X{M,dM) = x(N,dN) (where N =N(K)), and furthermore applying the same arguments to the manifold 
dM, one has %(dM) =%{dN), i.e. 

X(M) = x(dM)+ X (M,dM) = x(dN)+x(N,dN) =x(N). 

Other Applications:. We have shown that the Witten-Hodge theory can shed light to give additional equiv- 
ariant geometric and topological insight. In addition, the fact that we can use the new decompositions of 
L 2 n^(M) given in theorem [3J~2] and corollary 13. 14l and also the relation between the Xjv/-cohomology and 
X^-harmonic fields (theorem I3.16l l as powerful tools (under topological aspects) in the theory of differen- 
tial equations on L 2 Q.^ (M) to obtain the solubility of various B VPs. In particular, we can extend most of the 
results of chapter three of 11511 on L 2 Q.^(M) to the context of the operators dx M , 8x M and Ax M . Moreover, 
the classical Hodge theory plays a fundamental role in incompressible hydrodynamics and it has applica- 
tions to many other area of mathematical physics and engineering [1]. So, following these, we hope that 
the Witten-Hodge theory will be using as tools in these applications as well. 

Geometric question:. Finally, we proved that lU^^M) =1H„(N(Xm)) andrWf M d (M) = in^(N(X M )) 
and that the principal angles between the corresponding interior subspaces are all acute. Hence, it would 
be interesting to answer the following 

How do the XM-Poincare duality angles between the interior subspaces XT-L^ m N {M) and ITi^ D (M) 
depend on X, and how do they compare to the Poincare duality angles between the interior subspaces 
1U+{N(X M )) andin^(N(X M )). 
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